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Abstract 

In this paper, we introduce the notion of angle and Thy-angle in an          
n-normed space and prove some fundamental properties and a 
characterization theorem for Thy-angle in an n-normed space. 

1. Introduction 

The notion of Thy-angle in normed space has been introduced in [15, 
16]. The study on an n-normed space, which is a generalization of normed 
space, has been done by mathematicians as outlined in [2-11]. By 
considering those, a notion of Thy-angle in an n-normed space, a 
generalization of Thy-angle, is already constructed in [15]. 

On the other hand, in 2008, Thillaigovindan et al. [14] have constructed a 
notion of angle between two vectors in an n-normed space. However, there 
are some gaps in Definition 3.1 [14]. The gaps are: (i) if { }nxx ...,,2  is 

linearly dependent, then nxxx ...,,, 2  or nxxy ...,,, 2  is zero, so 
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( )nxxyx ...,,;, 2θ  in [14] is not defined on X; (ii) if x or y is in 

{ },...,,2 nxxspan  then ( )nxxyx ...,,;, 2θ  is not defined on X. By the 

existence of gaps, a notion of angle between two vectors in an n-normed 
space is developed which is an improvement of Definition 3.1 [14]. 

In this paper, the notion of Thy-angle in an n-normed space along with 
the new notion of angle between two vectors in an n-normed space, is used 
for proving a characterization theorem for Thy-angle in an n-normed space. 

2. Preliminaries 

This section provides a collection of basic definitions and results needed 
for the development of the new concepts. 

Definition 2.1 [8]. Let n be a natural number ( )N∈n  and X be a real 

vector space having ( ) .dim nX ≥  A real valued function ⋅⋅ ...,,  on nX  is 

said to be an n-norm on X if for any ,...,,, 21 Xxxx n ∈  the following four 

properties hold: 

  (i) 0...,,1 =nxx  if and only if { }nxxx ...,,, 21  is linear dependent 

on X, 

 (ii) nxx ...,,1  is invariant under any permutation, 

(iii) nn xxxx ...,,...,, 11 α=α  for any ,R∈α  

(iv) ....,,...,,...,, nnn xyxxxyx +≤+  

The pair ( )⋅⋅ ...,,,X  is called an n-normed space on X. 

Definition 2.2 [1]. Let N∈n  and X be a real vector space with 

( ) .dim nX ≥  A real valued function ⋅⋅|⋅⋅ ...,,,  on 1+nX  is said to be an      

n-inner product on X if for any Xxxx n ∈...,,, 21  satisfying the following 

conditions: 
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 (i) ,0...,,,, 32 ≥| nxxxxx  

 (ii) 0...,,,, 32 =| nxxxxx  if and only if { }nxxx ...,,, 2  is linear 

dependent, 

 (iii) ,...,,,,...,,,, 3232 nn xxxxyxxxyx |=|  

 (iv) nxxxyx ...,,,, 32|  is invariant under any permutation of ...,,2x  

,nx  

 (v) ,...,,,,...,,,, 32232 nn xxxxxxxxxx |=|  

 (vi) nn xxxxxxxxxx ...,,,,...,,,, 3232 |α=|α  for any ,R∈α  

 (vii) nn xxxyxxxxyxx ...,,,,...,,,, 3232 |=|′+  

....,,,, 32 nxxxyx |′+  

The pair ( )⋅⋅|⋅⋅ ...,,,,X  is called an n-inner product space on X. 

Theorem 2.3 [1]. If an n-inner product space on X is given, then 

 (i) nn xxxxxxxx ...,,,,...,,, 321121 |=  defines an n-norm on X, 

(ii) the extension of Cauchy-Buniakowski inequality: 

nnn xxxyyxxxxxxxxyx ...,,,,...,,,,...,,,, 323232 |⋅|≤|  

also holds. 

Theorem 2.4 [12]. If an n-inner product space on X is given, then 

nn xxxxxxxx ...,,,,...,,, 321121 |=  defines an n-norm on X for which 

{ },...,,,...,,,4
1...,,,, 2

2
2

232 nnn xxyxxxyxxxxyx −−+=|  

{ 2
2

2
232 ...,,,...,,,2

1...,,,, nnn xxyxxxxxxyx +=|  

}2
2 ...,,, nxxyx −−  
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and 
2

2
2

2 ...,,,...,,, nn xxyxxxyx −++  

{ }....,,,...,,,2 2
2

2
2 nn xxyxxx +=  

Definition 2.5 [15]. Let ( )⋅,X  be a normed space and ., Xyx ∈  A 

Thy-angle between x and y, denoted by ( ),, yxAThy  is defined as 

( ) .4
1arccos,

22

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−+= y

y
x
x

y
y

x
xyxAThy  

Theorem 2.6 [15]. ( )yxAThy ,  lies between 0 and π. 

3. Discussion 

3.1. Thy-angle in an n-normed space 

In this section, we will use X is a real vector space with ( ) .dim nX ≥  

Definition 3.1.1. Let ( )⋅⋅ ...,,,X  be an n-normed space and ,, yx  

,...,,, 321 Xxxxx n ∈  { }nxxxx ...,,,, 321  be a linearly independent set. A 

Thy-angle between x and y with respect to ,...,,,, 321 nxxxx  denoted by 

( ),...,,;, 1 nThy xxyxA  is defined as 

( )nThy xxyxA ...,,;, 1  

{ } { }⎢
⎢
⎣

⎡
⎜⎜
⎝

⎛
ψ

+
ϕ

= ∑
⊂ nii

ii
n

nxxyx

...,,1...,,

2

2
2 ...,,,4

1arccos  

⎥
⎥
⎦

⎤
⎟⎟
⎠

⎞
ψ

−
ϕ

−
2

...,,, 2 nii xxyx  

with 

{ } { }

2
1

...,,1...,,

2

2
2 ...,,, ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
=ϕ ∑

⊂ nii
ii

n
nxxx  
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and 

{ } { }
....,,, 2

1

...,,1...,,
2

2 2 ⎟
⎠
⎞⎜

⎝
⎛=ψ ∑ ⊂ nii ii

n nxxy  

Theorem 3.1.2. Let ( )⋅⋅ ...,,,X  be an n-normed space and ,,, 1xyx  

....,,, 32 Xxxx n ∈  If { }nxxx ...,,, 21  is a linearly independent set, then 

 (i) ( ) ( )....,,;,...,,;, 11 nThynThy xxxyAxxyxA =  

 (ii) ( ) ( ),...,,;,...,,;, 11 nThynThy xxyxAxxyxA =βα  for R∈βα,  with 

.0>β  

 (iii) ( ) ( ),...,,;,...,,;, 11 nThynThy xxyxAxxyxA −π=βα  for R∈βα,  

with .0<αβ  

 (iv) ( ) 0...,,;, 1 =nThy xxyxA  if and only if x and y are two vectors of 

the same direction. 

 (v) ( ) π=nThy xxyxA ...,,;, 1  if and only if x and y are in opposite 

direction. 

 (vi) If ( )⋅⋅|⋅⋅ ...,,,,X  is an n-inner product space, then 

( ) { } { }

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

ψ⋅ϕ

|
=

∑ ⊂ nii ii
nThy

n nxxyx
arccosxxyxA ...,,1...,,

1
2 2 ...,,,

...,,;,  

with 

{ } { }

2
1

...,,1...,,

2

2
2 ...,,, ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
=ϕ ∑

⊂ nii
ii

n
nxxx  

and 

{ } { }
....,,,

2
1

...,,1...,,

2

2
2 ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
=ψ ∑

⊂ nii
ii

n
nxxy  
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 (vii) If ,ψ=ϕ  then 

( )nThy xxyxA ..,,;,cos4 1
2ϕ  

( )
{ } { }

∑
⊂

−−+=
nii

iiii
n

nn xxyxxxyx
...,,1...,,

22

2
22 ...,,,...,,,  

with 

{ } { }

2
1

...,,1...,,

2

2
2 ...,,, ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
=ϕ ∑

⊂ nii
ii

n
nxxx  

and 

{ } { }
....,,,

2
1

...,,1...,,

2

2
2 ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
=ψ ∑

⊂ nii
ii

n
nxxy  

Proof. For (i) to (v), it follows immediately from Definition 3.1.1. 

Since { }nxxx ...,,, 21  is a linearly independent set, by applying Theorem 

2.4, we have 

....,,,...,,,4
1...,,,

22

222
⎭
⎬
⎫

⎩
⎨
⎧

ψ
−

ϕ
−

ψ
+

ϕ
=

ψϕ nnn iiiiii xxyxxxyxxxyx  

So, 

( )
{ } { }

∑
⊂

=
ψϕ

nii
nThyii

n
n xxyxAxxyx

...,,1...,,
1

2
2 ....,,;,cos...,,,  

This proves (vi). 

To prove (vii) we proceed as follows. 

Since ,ψ=ϕ  
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{ } { }
∑
⊂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ψ

−
ϕ

−
ψ

+
ϕ

nii
iiii

n
nn xxyxxxyx

...,,1...,,

22

2
22 ...,,,...,,,4

1  

( )
{ } { }

∑
⊂

−−+
ϕ

=
nii

iiii
n

nn xxyxxxyx
...,,1...,,

22
2

2
22 ....,,,...,,,

4
1  

Consequently, 

( )nThy xxyxA ...,,;,cos4 1
2ϕ  

 ( )
{ } { }

∑
⊂

−−+=
nii

iiii
n

nn xxyxxxyx
...,,1...,,

22

2
22 ....,,,...,,,  ~ 

Theorem 3.1.3. Let ....,,,,, 21 Xxxxyx n ∈  If { }nxxx ...,,, 21  is a 

linearly independent set, then for any real number ,0≠t  we have 

{ } { }
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎠
⎞⎜

⎝
⎛ +

+

∑ ⊂

∞→
2
1

...,,1...,,
2

2 2 ...,,,

lim

nii ii

t

n nxxytx

ytx  

{ } { }
2
1

...,,1...,,
2

2 2 ...,,, ⎟
⎠
⎞⎜

⎝
⎛

=

∑ ⊂ nii ii
n nxxx

x  

and 

{ } { }
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎠
⎞⎜

⎝
⎛ +

+

∑ ⊂

−∞→
2
1

...,,1...,,
2

2 2 ...,,,

lim

nii ii

t

n nxxytx

ytx  

{ } { }

.

...,,, 2
1

...,,1...,,
2

2 2 ⎟
⎠
⎞⎜

⎝
⎛

−
=

∑ ⊂ nii ii
n nxxx

x  
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Proof. Let t  be sufficiently large with .0≠+ ytx  

If ,0>t  then 

{ } { }
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎠
⎞⎜

⎝
⎛ +

+

∑ ⊂

∞→
2
1

...,,1...,,
2

2 2 ...,,,

lim

nii ii

t

n nxxytx

ytx  

{ } { }
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎠
⎞⎜

⎝
⎛ +

+
=

∑ ⊂

∞→
2
1

...,,1...,,
2

2 2 ...,,,

lim

nii ii

t

n nxxtyx

tyx  

{ } { }

.

...,,, 2
1

...,,1...,,
2

2 2 ⎟
⎠
⎞⎜

⎝
⎛

=

∑ ⊂ nii ii
n nxxx

x  

If ,0<t  then 

{ } { }
2
1

...,,1...,,
2

2 2 ...,,, ⎟
⎠
⎞⎜

⎝
⎛ +

+

∑ ⊂ nii ii
n nxxytx

ytx  

{ } { }

,

...,,, 2
1

...,,1...,,
2

2 2 ⎟
⎠
⎞⎜

⎝
⎛ +−

+−
=

∑ ⊂ nii ii
n nxxkyx

kyx  

where 0, >−= kkt  and 

{ } { }
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎠
⎞⎜

⎝
⎛ +

+

∑ ⊂

−∞→
2
1

...,,1...,,
2

2 2 ...,,,

lim

nii ii

t

n nxxytx

ytx  
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{ } { }

.

...,,, 2
1

...,,1...,,
2

2 2 ⎟
⎠
⎞⎜

⎝
⎛

−=

∑ ⊂ nii ii
n nxxx

x  ~ 

Theorem 3.1.4. ( )nThy xxyxA ...,,,, 1  lies between 0 and π. 

Proof. Let 

{ } { }

2
1

...,,1...,,

2

2
2 ...,,, ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
=ϕ ∑

⊂ nii
ii

n
nxxx  

and 

{ } { }
....,,, 2

1

...,,1...,,
2

2 2 ⎟
⎠
⎞⎜

⎝
⎛=ψ ∑ ⊂ nii ii

n nxxy  

Since 

{ } { }
∑
⊂

ψ
+

ϕ
nii

ii
n

nxxyx

...,,1...,,

2

2
2 ...,,,  

{ } { }∑ ⊂ ⎟
⎠
⎞⎜

⎝
⎛

ψ
+

ϕ
≤

nii iiii
n nn xxyxxx

...,,1...,,

2

2 22 ...,,,...,,,  

{ } { }
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ϕ

≤ ∑ ⊂

2
1

...,,1...,,

2

2 2 ...,,,
nii ii

n nxxx  

{ } { }
4...,,,

2
2
1

...,,1...,,

2

2 2 =
⎥
⎥
⎥

⎦

⎤

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ϕ

+ ∑ ⊂ nii ii
n nxxy  

and 

{ } { }
∑
⊂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ψ

−
ϕ

nii
ii

n
nxxyx

...,,1...,,

2

2
2 ...,,,  



Manuharawati and Muhammad Jakfar 988 

{ } { }
⎢
⎢
⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

ϕ
≤ ∑

⊂

2
1

...,,1...,,

2

2
2 ...,,,

nii
ii

n
nxxx  

{ } { }
,4...,,,

2

...,,1...,,

2

2
2 =

⎥
⎥
⎥
⎥

⎦

⎤

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

ϕ
+ ∑

⊂ nii
ii

n
nxxy  

we have 

{ } { }
∑
⊂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ψ

−
ϕ

−
ψ

+
ϕ

≤−
nii

iiii
n

nn xxyxxxyx

...,,1...,,

22

2
22 ...,,,...,,,4  

.4≤  

Therefore ( )nThy xxyxA ...,,,, 1  lies between 0 and π. ~ 

Theorem 3.1.5. Let ....,,,,,, 321 Xxxxxyx n ∈  If { }nxxx ...,,, 21  is a 

linearly independent set, then for each ( ),,0 π∈α  there exists a real number 

a such that 

( ) ....,,;, 1 α=+ nThy xxyaxxA  

Proof. By using Theorem 3.1.5, it is sufficient to see that for any ∈k  
( )1,1−  there exists a number a such that 

{ } { }
∑
⊂

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ψ

−
ϕ

−
ψ

+
ϕ

nii
iiii

n
nn kxxyxxxyx

...,,1...,,

22

2
22 ....,,,...,,,4

1  

By using Theorem 3.1.4, we have 

{ } { }
⎜
⎜

⎝

⎛
⎜⎜
⎝

⎛
ω
++

ϕ∑
⊂∞→ nii

iit
n

nxxytxx

...,,1...,,

2

2
2 ...,,,4

1lim  

1...,,,
2

2 =⎟
⎟

⎠

⎞
⎟⎟
⎠

⎞
ω
+−

ϕ
− nii xxytxx  
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and 

{ } { }
⎜
⎜

⎝

⎛
⎜⎜
⎝

⎛
ω
++

ϕ∑
⊂−∞→ nii

iit
n

nxxytxx

...,,1...,,

2

2
2 ...,,,4

1lim  

1...,,,
2

2 −=⎟
⎟

⎠

⎞
⎟⎟
⎠

⎞
ω
+−

ϕ
− nii xxytxx  

with 

{ } { }
,...,,, 2

1

...,,1...,,
2

2 2 ⎟
⎠
⎞⎜

⎝
⎛=ϕ ∑ ⊂ nii ii

n nxxx  

{ } { }
,...,,, 2

1

...,,1...,,
2

2 2 ⎟
⎠
⎞⎜

⎝
⎛=ψ ∑ ⊂ nii ii

n nxxy  

and 

{ } { }
....,,, 2

1

...,,1...,,
2

2 2 ⎟
⎠
⎞⎜

⎝
⎛ +=ω ∑ ⊂ nii ii

n nxxytx  

Since 

( )
{ } { }

∑
⊂

⎜⎜
⎝

⎛
ψ
++

ϕ
=

nii
ii

n
nxxytxxtg

...,,1...,,

2

2
2 ...,,,4

1  

⎟⎟
⎠

⎞
ψ
+−

ϕ
−

2
...,,, 2 nii xxytxx  

is a continuous function at t, the result follows. ~ 

3.2. The angle between two vectors 

The following definition is a revised version of Definition 3.1 [14]. 
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Definition 3.2.1. Let ( )⋅⋅ ...,,,X  be an n-normed space and ,, yx  

,...,,, 321 Xxxxx n ∈  { }nxxxx ...,,,, 321  be a linearly independent set. The 

angle between x and y with respect to ,...,,,, 321 nxxxx  denoted by 

( ),...,,;, 1 nxxyxA∗  is defined as 

( )nxxyxA ...,,;, 1∗  

{ } { } ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ψ

−
ϕ

−= ∑
⊂ nii

ii
n

nxxyx

...,,1...,,

2

2
2 ...,,,22

1arccos  

with 

{ } { }

2
1

...,,1...,,

2

2
2 ...,,, ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
=ϕ ∑

⊂ nii
ii

n
nxxx  

and 

{ } { }
....,,, 2

1

...,,1...,,
2

2 2 ⎟
⎠
⎞⎜

⎝
⎛=ψ ∑ ⊂ nii ii

n nxxy  

The relation between ThyA  and ∗A  which expressed in the following theorem, 

is called as a characterization theorem for Thy-angle. 

Theorem 3.2.2 (Characterization theorem). Let ( )⋅⋅ ...,,,X  be an          

n-normed space. The pair ( )⋅⋅|⋅⋅ ...,,,,X  is an n-inner product space if and 

only if 

( ) ( )nnThy xxyxAxxyxA ...,,;,...,,;, 11 ∗=  

for any ,...,,,,, 21 Xxxxyx n ∈  { }nxxx ...,,, 21  is a linearly independent 

set. 
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Proof. By using (vi) of Theorem 3.1.2, we have 

( ) { } { } .
...,,,

arccos...,,;, ...,,1...,,
2

2 2

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

ψ⋅ϕ

|
=

∑ ⊂ nii ii
nThy

n nxxyx
xxyxA  

We also have 

( ) { } { }

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

ψ⋅ϕ

|
=

∑ ⊂
∗∗

nii ii
n

n nxxyx
xxyxA ...,,1...,,

2
2 2 ...,,,

arccos...,,;,  

with 

{ } { }

2
1

...,,1...,,

2

2
2 ...,,, ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
=ϕ ∑

⊂ nii
ii

n
nxxx  

and 

{ } { }
....,,, 2

1

...,,1...,,
2

2 2 ⎟
⎠
⎞⎜

⎝
⎛=ψ ∑ ⊂ nii ii

n nxxy  

By applying Theorem 2.4 to 
ϕ
x  and ,

ψ
y  for any ,...,,,, 1 Xxxyx n ∈  

{ }nxxx ...,,, 21  is a linearly independent set, we have 

{ } { }
∑
⊂

ψϕ
nii

ii
n

nxxyx

...,,1...,,2
2 ...,,,  

{ } { }
∑
⊂ ⎩

⎨
⎧

ψ
+

ϕ
=

nii
iiii

n
nn xxyxxx

...,,1...,,

22

2
22 ...,,,...,,,2

1  

⎭
⎬
⎫

ψ
−

ϕ
−

2
...,,, 2 nii xxyx  
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{ } { }
∑
⊂ ⎭

⎬
⎫

⎩
⎨
⎧

ψ
−

ϕ
−=

nii
ii

n
nxxyx

...,,1...,,

2

2
2 ...,,,22

1  

( )....,,;,cos 1 nxxyxA∗=  

So, ( ) ( )....,,;,...,,;, 11 nnThy xxyxAxxyxA ∗=  

Conversely, let 

( ) ( )nnThy xxyxAxxyxA ...,,;,...,,;, 11 ∗=  

for any ,...,,,,, 21 Xxxxyx n ∈  with { }nxxx ...,,, 32  be a linear independent 

set. By applying Theorem 2.4, it is enough to see that parallelogram law 
holds for ,...,,,,, 21 Xxxxyx n ∈  { }nxxx ...,,, 21  is a linear independent set. 

If we take ,1=ψ=ϕ  then 

( )nThy xxyxA ...,,;,cos 1  

( )
{ } { }

∑
⊂

−−+=
nii

iiii
n

nn xxyxxxyx
...,,1...,,

22

2
22 ,...,,,...,,,4

1  

and 

( )
{ } { }

∑
⊂

∗
⎭
⎬
⎫

⎩
⎨
⎧

ψ
−

ϕ
−=

nii
iin

n
nxxyxxxyxA

...,,1...,,

2
2

2
2 ....,,,22

1...,,;,cos  

Therefore, 

( )
{ } { }

∑
⊂

−−+
nii

iiii
n

nn xxyxxxyx
...,,1...,,

22

2
22 ...,,,...,,,4

1  

{ } { }
∑
⊂ ⎭

⎬
⎫

⎩
⎨
⎧

ψ
−

ϕ
−=

nii
ii

n
nxxyx

...,,1...,,

2

2
2 ....,,,22

1  



Thy-angle in an n-normed Space 993 

Since Xxxxyx n ∈...,,,,, 21  are arbitrary, 

....,,,24...,,,...,,, 2
2

2
2

2
2 nnn xxyxxxyxxxyx −−=+−−  

Hence 

.4...,,,...,,, 2
2

2
2 =++− nn xxyxxxyx  

It shows that ( )⋅⋅|⋅⋅ ...,,,,X  is an n-inner product space. ~ 
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