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Abstract

In this paper, we introduce the notion of angle and Thy-angle in an
n-normed space and prove some fundamental properties and a
characterization theorem for Thy-angle in an n-normed space.

1. Introduction

The notion of Thy-angle in normed space has been introduced in [15,
16]. The study on an n-normed space, which is a generalization of normed
space, has been done by mathematicians as outlined in [2-11]. By
considering those, a notion of Thy-angle in an n-normed space, a
generalization of Thy-angle, is already constructed in [15].

On the other hand, in 2008, Thillaigovindan et al. [14] have constructed a
notion of angle between two vectors in an n-normed space. However, there
are some gaps in Definition 3.1 [14]. The gaps are: (i) if {X5, ..., X,} is
linearly dependent, then X, Xp, ..., X, Or Y, Xp, .., X, IS zero, so
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0(X, ¥; X2, ..., Xn) in [14] is not defined on X; (ii) if x or y is in
span{x,, ..., X}, then O(x, y; Xo, .., X,) is not defined on X. By the

existence of gaps, a notion of angle between two vectors in an n-normed
space is developed which is an improvement of Definition 3.1 [14].

In this paper, the notion of Thy-angle in an n-normed space along with
the new notion of angle between two vectors in an n-normed space, is used
for proving a characterization theorem for Thy-angle in an n-normed space.

2. Preliminaries

This section provides a collection of basic definitions and results needed
for the development of the new concepts.

Definition 2.1 [8]. Let n be a natural number (n € N) and X be a real

vector space having dim(X) > n. A real valued function ||, ..., -] on X" is
said to be an n-norm on X if for any x;, Xp, ..., X, € X, the following four
properties hold:

(i) | X4, - Xy | =0 if and only if {x, X5, ..., Xy} is linear dependent
on X,

(i) | Xq, ..., X || is invariant under any permutation,

(iii) | axq, ooy Xp [ = ||| X35 ey X || fOrany o e R,
(V) [ X+ Y, o Xn IS % oo Xn 1+ Yy oo X |-

The pair (X, ||+, ..., -||) is called an n-normed space on X.

Definition 2.2 [1]. Let ne N and X be a real vector space with
dim(X) > n. A real valued function (-, -|- ..., -) on X"*! is said to be an

n-inner product on X if for any xq, X,, ..., X, € X satisfying the following

conditions:
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(i) (X, X|X2, X3, sy Xn) =0,

(i) (X, X| X2, X3, ..., Xn) = 0 if and only if {x, X5, ..., x,} is linear
dependent,

(iii) (X, Y[X2, X3, <y Xn) = (Y, X| X2, X3, ey Xp),

(iv) (X, Y[Xp, X3, ..., X,) is invariant under any permutation of x,,

Xn,
(V) (X, X[Xp, X3, -y Xn) = (X9, Xo X, X3, -y Xp ),
(i) {ax, X|Xp, X3, ..., Xn) = (X, X|Xp, X3, ..., Xn) forany o e R,
(vii) (X+ X, Y| X2, X3, ey Xn) = (X, Y|X2, X3, «ry Xp)
+ (X, Y[ X2, X3, «ry Xp)-
The pair (X, {, -|+, ..., -)) is called an n-inner product space on X.

Theorem 2.3 [1]. If an n-inner product space on X is given, then

(@) | %, X2, s Xn || = (X0, X X2, X3, .-, X,) defines an n-norm on X,

(i) the extension of Cauchy-Buniakowski inequality:

(X, Y[Xa. X, oo X) < X XX g1 o Xe) - AV V1%, X ot %)
also holds.

Theorem 2.4 [12]. If an n-inner product space on X is given, then

I %4, X, ey Xn | = (X1, X1 | X2, X3, ..., X} defines an n-norm on X for which
1 2 2
(X, Y[ X9, X3, «evy Xp) = Z{" X+ Y, Xo, oo, Xn I =1 X =Y, X2, s X0 |},
1 2 2
(X, Y[ X9, X3, «evy Xp) = §{|| X, Xo, ooy X |+ Y, X2, s Xn |

2
—[x=¥. % Xn |7
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and

2 2
[ X+ Y, Xou ooy Xy |7+ X =Y, X204 ooy X ||

2 2
= 2{[ %, Xz, ooy X |7+ [ Yy Xa, s X 75

Definition 2.5 [15]. Let (X, |-|) be a normed space and X, y € X. A
Thy-angle between x and y, denoted by Arpy (X, y), is defined as

“Ie-ral ]

X y X y

+ a—
Il Ty e eyl

Theorem 2.6 [15]. Arpy (X, y) lies between 0 and m.

Athy (X, y) = arccos{% U

3. Discussion

3.1. Thy-angle in an n-normed space
In this section, we will use X is a real vector space with dim(X) > n.
Definition 3.1.1. Let (X, |-, ..., -|) be an n-normed space and x, vy,
X1X2, X3, oy Xp € X, {X{, X2, X3, ..., Xy} be a linearly independent set. A
Thy-angle between x and y with respect to X;, Xp, X3, ..., Xy, denoted by

Athy (X, Y; X1y - Xn), is defined as

Aty (X, ¥ X, s X0)

1 X Y 2
= arccos| — = iy e X
iy ooipted, oy UL P
2
X
- ——l, Xi2, vy Xin
¢ v
with
1
2

(p:

{ | X, Xy oo Xi: ||2J
{ig,..ript{l, ..., N}
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and
1
= : 22
V= (Z{izy---,in}c{l,...,n}" Yo Xig s e Xjp ” ) :
Theorem 3.1.2. Let (X, |+ ..., -|) be an n-normed space and x, y, Xy,

Xp, X3, oy Xn € X. If {X{, Xp, ..., X, } is & linearly independent set, then
() Arhy (X, Y5 X1 0 Xn) = Arpy (Y, X5 X1, o0 Xp).

(i) AThy(ocx, BY; X1y oy Xp) = AThy(x, Y; X1y - Xp), fOr o, B € R with
B>0.

(iii) AThy(ocx, BY; Xq, «vy Xp) = T — AThy(x, Y; X1y 9 Xp), fOr o, B e R
with aff < 0.

(iV) Aty (X, i X, ..., Xy) =0 if and only if x and y are two vectors of
the same direction.

(V) Arhy(X, ¥; Xq, ..., Xp) = = if and only if x and y are in opposite
direction.

(vi) If (X, ¢, |, ..., ) is an n-inner product space, then

(X, Y[ Xipy o X, )

AThy(x, Y; X1, -y X ) = @rccos

ORRY)
with
1
) 2
Q= 1% Xiy s o X
{ig,omrip (L, ..., N}
and
1

2
v [ S Y X X, ||2J -
fig, .o i
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(vii) If @ =y, then
4(p2 coS AThy(x, Y; Xqs o Xp)

= Z (I X+ Yy Xiys oo X, =] x-y, Xiys s Xiy B

with

and

1

2

v [ > Y Xy %, ||2J .
{iz,...,l

inf<{L....n}
Proof. For (i) to (v), it follows immediately from Definition 3.1.1.

Since {X{, X5, ..., X, } is a linearly independent set, by applying Theorem

]

2.4, we have

X Yy 1

So,

Xy 2

X_y
—+$, Xiz, ey X

==, X,y ey X%
¢ v 12 |

In n

X Y. A CXq, e X)),
Z n}<(p, v Xig s oo x,n> COS Arhy (X, Yi X, s Xp)

{ig,rip il o,
This proves (vi).
To prove (vii) we proceed as follows.

Since ¢ = v,
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ZJ

1
= Z (| X+, Xiy s o X -] x-y, Xiys weor X %),

2
X
Yoy

6 v ip s e

s Xig’ v Xj

X

n n

[ =
-
N
——
)
—~—
~
=}
—_——
7~ N\

-----------

Consequently,

= _Z (X + Y Xigs oo X [P = X = Y0 Xy o % [2). O
{ig, .. intc{d, ..., n}

Theorem 3.1.3. Let X, Y, X, X2, ..., Xy € X. If {Xq, Xp, ..., X} IS @
linearly independent set, then for any real number t = 0, we have

; X +
lim y
t—oo 1

(Z{iz,...,in}c{l,...,n}" X+ Y, Xiyy e Xip ||2j2

X

1

(Z{iz-m,in}C{L...,n}” X, Kig s we i ”2j§

and

[ERN

(Z{iz-m,in}C{L...,n}” X Kig s e Xi ”2j§
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Proof. Let |t | be sufficiently large with tx + y # 0.

If t >0, then

; X +
lim y
t—ow 1

(Z{iz,...,in}c{l,...,n}" X+ Y, Xiyy e Xip ||2)2

= lim X+ y/t
t—o0 1
22
(Z{iz,...,in}c{l,...,n}” X+ Y/t Xig s oo X | )
_ X
- T
2)2
(Z{iz,...,in}c{l,...,n}” % Xigr e X | )
If t <0, then
X+y
1
22
(Z{iz,...,in}c{l,...,n}” X+ Y, Xiys e X | )
3 X+ y/k
= -

(Z{iz,...,in}c{l,...,n}”_X YK Ky X, ||2jE

where t = -k, k > 0 and

- tx +
lim y
t——o0 1

(Z{izy---,in}C{l,...,n}" X+ Y, Xy Xiy ”2)5
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X
=— o 0

2\2
(Z{iz,...,in}c{l,...,n}” % X X | )

Theorem 3.1.4. Arpy(X, ¥, Xq, ..., Xp) lies between 0 and m.

Proof. Let
1
) 2
0= %, Xig s voes X |
{ig,.injc{l, ..., N}
and
1
= 2)2
V= (Z{lz ---,in}C{l,...,n}" Yo Xigseon Xjp ” )
Since
1—}-1, Xiz, , Xin
fig,minteft,ompt ® ¥
< Z X w o el N 2
{ig,infcilnt\| @ 72777 T v iz Xy
22
X
: (Z{izv--vin}C{L...,n} s Xig s+ Xig
172
2\2
Yoo . )
+[Z{i2:---,in}C{l,...,n} (p’ X'2’ ’Xln ) =4
and
2
X
(—_l,Xiz, ,Xin )
T rer=r R T AU 4
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1
22
X
< [ 6’ Xiz' vy Xin J
{ig, .o injeil, o}
2
2
+ .y Xigr oonr Xj = 4,
n
fig,iptetd, .y @
we have
2 2
_4< (i+lyx|2y ’ in - l_laxul lXin ]
{ig, ., intc{l, ..., n} ¢V ¢V
<4,
Therefore Arpy (X, ¥, X, ..., Xn) lies between 0 and . O

Theorem 3.1.5. Let X, Y, Xq, X2, X3, ..., Xn € X. If {X{, X9, ..., Xp} is @
linearly independent set, then for each o < (0, =), there exists a real number
a such that

Athy (X, @X + ¥; Xq, oy Xp) = 0

Proof. By using Theorem 3.1.5, it is sufficient to see that for any k e
(-1, 1) there exists a number a such that

2 2
l [1+l,xi2, ’Xin - 1—l,xi2,..., Xin j:k
fiz it Y v
By using Theorem 3.1.4, we have
lim 1 Z ( X N tX+y y y HZ
- - 1 A y Aj
L e = A A )
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and
1 X tx+y 2
lim 7 — iy s weor X
o {ig, ., intc{l, ..., n} ¢ ®
2
X WX+y
-2t [ -
with
1
= 2)2
(p B (Z{lz ,ln}C{l,,n}” X, XIZ, ! Xln " j ’
1
22
V= (Z{lz enintefl, ..., n}" Yo Xigs oo Xjp ” ) )
and
1
= . 22
@ (Z{iz,...,in}c{l,...,n}” DY) Xy X | j :
Since
W=7 D (1 S0 H2
] 2, . n
fig ittt i\ @ ¥
X tX+y 2
¢ y Xi
is a continuous function at t, the result follows. O

3.2. The angle between two vectors

The following definition is a revised version of Definition 3.1 [14].
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Definition 3.2.1. Let (X, | ..., -|) be an n-normed space and x, y,
X{Xp, X3, sy Xp € X, {X4, Xp, X3, ..., Xp} be a linearly independent set. The
angle between x and y with respect to Xq, X, X3, ..., X,, denoted by

A(X, Y; X{, -y Xp), is defined as

Ac(X, Y; X1y ooy Xp)

1
= arccos|

S | =
|

=-
{ip, o injetl, .o 0}

with

N~

(P:

( | %, Xy o Xi: ||2J
{ip,..iptc{l, ..., n}

and
1

Ve (Z{iz,---,in}c{l,...,n}" Y Xigs oo Xig ||2)§-

The relation between Al'hy and A, which expressed in the following theorem,

is called as a characterization theorem for Thy-angle.

Theorem 3.2.2 (Characterization theorem). Let (X, |-, ..., -|) be an
n-normed space. The pair (X, (-, ‘|- ..., -)) is an n-inner product space if and
only if

Arny (X, Y5 X10 oo Xn) = Ac(X, Y5 Xqs s Xp)

for any X, y, X{, Xo, .., Xy € X, {X{, X2, ..., Xy} is a linearly independent
set.
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Proof. By using (vi) of Theorem 3.1.2, we have

{iz,---,in}c{l,,,,,n}<x’ YIXiys o Xin>

X, Y X5, ..., X, ) = arccos,
Arhy (X, ¥; X2 n) oV
We also have
. . <X, Y|Xi y s X >
. {io,..,intc{l, ..., n} 2 n
A(X, V; X9, ..., Xn) = arccos
(X, y; X n) Y

with

1

¢ = 1%, Xiys woes X3, ||2J

{{iz,...,in}c{l,...,n}

and
1

22
Ve (Z{iz,...,in}c{l,...,n}" Yo Xig s vens Xig | ) :

By applying Theorem 2.4 to % and l, for any X, Yy, X, ..., X, € X,

{X{, X2, ..., Xn} is a linearly independent set, we have

Xy

<_1 - X|2, vy X|n>
gy nintetl, oy V@V

= ) x x-2+lx_ X_2
{IZ ----- |n}C{l .,,,n}z (p' A 1 Rigy e Ay
2
X_Y
— E—W,Xiz, i Xin }
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)

= Z %{2 _
{ig, . in}={l, o}

=€0S Au(X, ¥; Xqs vy Xp)-
So, Arhy(x, Vi Xqy o Xn) = Ac(X, Y5 X4y e X))
Conversely, let
AThy(x, Vi Xq, e Xn) = Ac(X, Y5 X4y ey X))

forany X, y, X1, Xo, ..., X, € X, with {x5, X3, ..., X, } be a linear independent
set. By applying Theorem 2.4, it is enough to see that parallelogram law
holds for X, y, X{, Xo, ..., Xy € X, {X{, X2, ..., X5} is & linear independent set.

If we take @ = y =1, then

€oS Aty (X, Y5 X1y« Xn)

1
=7 Z (I X+ Y, Xiys oo X, > =] x-y, Xiys woos Xip %),
{in, .o ip il o}
and
2
1 X
C0S Au(X, Y; X2, vy Xp) = Z 5{2— 6 l, Xiy s weor Xio }
{ig,...,intc{l, ..., n}

Therefore,

1

7 Z (I X+, Xiy s o X, > =] x-y, Xiys woor Xip 1%)

fig, oo in T L, oo}
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Since X, Y, X, Xp, ..., Xy € X are arbitrary,

2 2 2
[ X =y Xo, oo, Xn [© = X+ Y, X0, s Xn | =4 =2 x =y, Xp, .., X |
Hence
2 2
[ X =y, Xo, oo, Xn I+ [ X+ Y, Xo, ey X [|© = 4.
It shows that (X, (, |+, ..., -)) is an n-inner product space. O
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